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An algebraic formula for the effective conductivity of a d-dimensional, two component chessboard
is proposed. The derivation relies on the self-duality of the square bond lattice, the principle of
universality, and the analytical capabilities of the Walker Diffusion Method.
I. INTRODUCTION
There is long-standing interest in the derivation of
exact expressions for the effective conductivity of two-
component systems. These of course rely on the symme-
tries of the system. By consideration of an electric field
applied across a two-dimensional (2D) medium that is a
square lattice of identical circular inclusions imbedded in
a matrix, Keller [1] showed that
σ (p, α; q, β) σ (p, β; q, α) = αβ (1)
where σ (p, α; q, β) is the effective conductivity of the sys-
tem (p, α; q, β), which is the medium with inclusions of
conductivity α comprising areal fraction p, and matrix
of conductivity β comprising areal fraction q = 1 − p.
Mendelson [2] subsequently showed that this relation
holds as well when the inclusions are randomly dis-
tributed over the matrix.
A derivation of the effective conductivity σdD of the
two-component chessboard has not appeared in the lit-
erature. The following section derives σ2D by utilizing
the self-duality property of a 2D chessboard constructed
as a square (conducting) bond network. Section III ap-
plies an analytic expression of the WDM [3] to construct
a formula for σdD. Final comments are made in Section
IV.
II. USE OF SELF-DUALITY
The dual of a two-component, 2D square bond lattice
is constructed by crossing each α bond in the original
system (p, α; q, β) with a α−1 bond and crossing each β
bond with a β−1 bond. The dual system
(
p, α−1; q, β−1
)
is again a 2D square bond lattice. Of relevance here is the
fact that the conductivity of the original system equals
the resistivity of its dual; that is,
σ (p, α; q, β) σ
(
p, α−1; q, β−1
)
= 1. (2)
In the particular case of the 2D chessboard (constructed
of conducting bonds), this relation becomes
σ (1/2, α; 1/2, β) σ
(
1/2, α−1; 1/2, β−1
)
= 1 (3)
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or equivalently
σ (1/2, α; 1/2, β) σ (1/2, β; 1/2, α) = αβ (4)
giving the analytical result
σ (1/2, α; 1/2, β) = (αβ)
1/2
. (5)
According to the principle of universality, any physical
description and properties of a structure in space are un-
affected by how that space is discretized. Here the struc-
ture is a two-component chessboard, so that Eq. (5) gives
the effective conductivity σ2D for the chessboard that is
a square site (pixel) lattice, as well.
Note that Eqs. (2) and (4) are broadly applicable as
they do not actually specify the distribution of the α and
β bonds in the 2D systems (p, α; q, β) and (1/2, α; 1/2, β).
In fact, Eqs. (1) and (2) are identical, suggesting a similar
duality-based proof of Keller’s and Mendelson’s results
for their 2D matrix/inclusion systems.
Unfortunately there is no duality “trick” available in
higher dimensions.
III. APPLICATION OF THE WDM
The “site” implementation of the WDM is based on the
relation
σ = 〈σi〉Dw (6)
between the effective conductivity σ of a multicomponent
conducting medium and the (dimensionless) diffusion co-
efficient Dw of a walker diffusing through the medium
according to particular rules. The factor 〈σi〉 is the
volume-average conductivity of the medium. In the case
of a two-component medium, Dw is a functional of the
conductivity ratio α/β, and has a numerical value that
reflects the morphology of the two-component system.
That is, Dw(α, β) = Dw(β
−1, α−1). Thus the effects of
dimension d on the effective conductivity of the system
are expressed through the walker diffusion coefficientDw.
In the particular case of a multidimensional chess-
board, the function Dw must be symmetric in α and β,
meaning that Dw(α, β) = Dw(β, α). The simplest ex-
pression that satisfies these constraints is
D(dD)w =
[
2 (αβ)1/2
α+ β
]t
(7)
2where the exponent t is a function of the dimension d.
The relation between t and d is discovered by use of
the equation
D(dD)w =
2
α+ β
σdD (8)
for dimensions 1 and 2. In the case of the 1D chessboard,
σ1D =
L
R
=
L∑ li
σi
=
L〈
σ−1i
〉∑
li
=
2αβ
α+ β
(9)
where R is the resistance of an extended length L =
∑
li
of the chessboard. Thus
D(1D)w =
4αβ
(α+ β)
2 . (10)
In the case of the 2D chessboard,
D(2D)w =
2 (αβ)1/2
α+ β
. (11)
Evidently the exponent t = 2/d, giving the general re-
sults
D(dD)w =
[
D(1D)w
]1/d
(12)
and
σdD =
α+ β
2
D(dD)w =
(
α+ β
2
)1−2/d
(αβ)
1/d
. (13)
Unfortunately, numerical calculations for σdD are
stymied by the infinite resolution needed to accommo-
date the sharp corners of the chessboard hypercubes.
IV. CONCLUDING REMARKS
Equation (5) remains correct in the special case of a
random distribution of α and β bonds comprising the
square bond lattice. However, universality does not mean
that this relation holds true for other 2D lattice types.
This is because the percolation threshold pc of the square
bond lattice happens to be 1/2. Thus the “universal struc-
ture” created by the random distribution of α and β
bonds in the 2D square bond lattice is the incipient infi-
nite cluster of α (or β) bonds and particular distribution
of like-bond cluster sizes, that characterize a system at
the percolation threshold [4,5]. Universality implies in-
stead the relation
σ (pc, α; (1 − pc), β) = (αβ)
1/2 (14)
for all 2D lattice systems having a random distribution
of α and β bonds or sites.
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